W e develop a finite-horizon discrete-time constrained Markov decision process (MDP) to model diagnostic decisions after mammography where we maximize the total expected quality-adjusted life years (QALYs) of a patient under resource constraints. We use clinical data to estimate the parameters of the MDP model and solve it as a mixed-integer program. By repeating optimization for a sequence of budget levels, we calculate incremental cost-effectiveness ratios attributable to consecutive levels of funding and compare actual clinical practice with optimal decisions. We prove that the optimal value function is concave in the allocated budget. Comparing to actual clinical practice, using optimal thresholds for decision making may result in approximately 22% cost savings without sacrificing QALYs. Our analysis indicates short-term follow-ups are the immediate target for elimination when budget becomes a concern. Policy change is more drastic in the older age group with the increasing budget, yet the gains in total expected QALYs related to larger budgets are predominantly seen in younger women along with modest gains for older women.
Introduction
With more than 1 1 million diagnoses and 410,000 deaths worldwide every year, breast cancer is the most frequently diagnosed cancer (23% of female cancers) and the leading cause of cancer mortality among women (14% of female cancer deaths) (Parkin et al. 2005) . One in eight American women are expected to develop breast cancer in their lifetime.
Although breast cancer can be fatal at late stages, it has a relatively favorable prognosis when compared to other types of cancer. Survival rate is estimated to average 73% in developed countries and is reported to be approximately 90% in the United States (Jemal et al. 2007 ). Mortality rates have been decreasing since the 1990s largely because of medical advances, which allow for early diagnosis and better treatment (Berry et al. 2005) . When detected before the development of symptoms, the disease can be cured. If diagnosed at an early stage (stage I), the five-year survival rate is 100%, whereas, in the more advanced metastatic stage, the five-year survival rate drops to 21% (Hayat et al. 2007) .
Various organizations including the American Cancer Society (ACS) recommend mammography as the primary means of detecting breast cancer. ACS also recommends that women should undergo clinical breast examination triennially between ages 20 and 40 and annually after age 40. For average-risk women, the principal method for detecting preclinical breast cancer is screening mammography. This is recommended on an annual basis after age 40 and continues as long as the patient is a candidate for basic breast cancer treatment (Smith et al. 2010) and it has been shown to significantly reduce breast cancer mortality (Nelson et al. 2009 ). Additional benefits, including monetary savings due to early detection and reassurance in the absence of breast cancer, make screening mammography attractive from the societal perspective (Greif 2010) . For high-risk women, ultrasound and magnetic resonance imaging have recently been considered a complement to mammography screening. However, there is limited evidence for these technologies to justify their use in low-risk populations . Although the use of digital imaging techniques and computer-aided detection as well as tomosynthesis (3-D mammography) and positron emission tomography (PET) have some potential for advancement in detection and diagnosis of breast cancer, mammography remains the primary modality of choice.
Following screening mammography, radiologists assess the risk/probability of cancer associated with the findings on a subjective scale and decide on the appropriate management as they weigh the trade-off between early detection of cancer and false positives. Based on the patient's risk of cancer, radiologists typically choose one of the following three options: (1) routine follow-up mammography in a year; (2) short-term follow-up mammography (in six months); or (3) immediate diagnostic actions including biopsy (i.e., pathological examination of the breast tissue obtained by needle biopsy or surgical excision).
Making diagnostic decisions is not a trivial task as the radiologist attempts to interpret the extensive amount of information collected from the mammography. Inevitably, the quality and interpretation of mammography varies with radiologist's skills and experience (Brown et al. 1995) . Several studies report substantial variability among radiologists' interpretation of mammography images and diagnostic decisions (Elmore et al. 1994 , Beam et al. 1996 . One study investigated disparity among final assessment of mammography for the patients with cancer and reported 75% agreement between readings by the same radiologist over a period and only 65% agreement between readings by different radiologists (Kerlikowske et al. 1998) . Later, Berg et al. (2000) reviewed diagnostic management decisions and found that only 55% were in agreement. A more recent study Suspicious abnormality (probability of breast cancer between 2% and 95%)
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Notes. The dashed lines stemming from BI-RADS category 0 reflect the inconsistency in the corresponding management decisions (Geller et al. 2002) . BI-RADS category 0 should be an intermediary assessment prompting additional imaging such as diagnostic mammography and may result in any of the other BI-RADS categories.
on a large cohort of radiologists that interpreted more than one million mammography examinations found the rate of false positive assessments ranges from 1 7% to 24 7% and emphasized the significance of interpretation variability and the need for improvements in performance (Elmore et al. 2009 ).
The American College of Radiology (ACR) has developed a format called Breast Imaging Reporting and Data System (BI-RADS) lexicon (ACR 1998) to standardize mammography interpretation and diagnostic decisions. BI-RADS lexicon includes 43 hierarchical features describing lesions that appear on mammograms. Radiologists record their findings using this lexicon, assign a final assessment category, and recommend a diagnostic action (as presented in Figure 1 ). Although standardization of mammography reporting using BI-RADS lexicon greatly enhances the decision-making process, it is not sufficient for reducing interpretation variability.
As a solution, decision-aid systems called computeraided diagnosis (CADx) models can be used (Ayer et al. 2010a ). In particular, CADx models use the 43 BI-RADS features collected from a mammogram as the input and produce a numerical estimate of breast cancer risk, i.e., the probability of cancer, which helps radiologists better parse the extensive amount of information. Various CADx models such as artificial neural networks (Baker et al. 1995 , Ayer et al. 2010b ) logistic regression ), Bayesian networks (BN) ), and many others suggest improvements in discrimination of breast cancer. Consequently, a more important decision has to be made by the radiologist for which CADx models do not offer a solution: managing the disease through diagnostic actions while taking into consideration the evolution of cancer risk and other patient-specific factors. This task is not easy as further evidenced by the following statistics on false positives and biopsies with benign outcomes.
Census data and biopsy utilization rates among women aged between 40 and 75 translates to 400,000 biopsies per year in the United States (U.S. Census Bureau 2000 , Ghosh et al. 2005 ). On average, only 32 6% of the biopsies reveal cancer. The proportion of women with abnormal screening examinations and who were eventually diagnosed with cancer is 4 8% (Rosenberg et al. 2006) . The percentage of abnormal exams and the number of surgical biopsies that do not reveal cancer are twice as frequent in the United States than in the United Kingdom despite similar cancer detection rates (Smith-Bindman et al. 2003) . Breast lesions, which may not be diagnosed and/or treated over the lifetime of a woman, referred to as overdiagnosis, comprise 25% of the mammographically detected breast cancers (Welch and Black 2010) . False positives and overdiagnosis may cause additional morbidity and anxiety without influencing mortality . In relation to our study, the associated expenditures add a significant amount on the total cost of screening mammography as described below.
Role of Cost in Diagnostic Decisions
Studying costs as an outcome in the healthcare domain is difficult because it equates the value of life with a monetary value. Still, the rising costs and the mounting economic pressure make it important to understand the trade-offs related to various levels of funding so that optimal decisions can be made. For an organized screening procedure such as mammography, several alternatives are suggested for cost containment. Reducing the unit costs and discontinuing the inappropriate medical services are immediate ways to cut healthcare expenditures (Breen and Brown 1994) . For mammography screening, once the starting age, the frequency of screening, and the highrisk groups to be screened are identified, the opportunity to alleviate the cost burden of mammography lies in making better diagnostic decisions. Moreover, it is equally important to determine the impact of budget changes on diagnostic decisions and consequently the health outcomes. Identifying ways to make better diagnostic decisions at reduced cost and assessing the consequences in terms of life expectancy are important for both the policy makers and healthcare providers.
Aggregate cost of mammography screening in the United States is estimated to be $3 billion to $5 billion dollars (Burnside et al. 2001 ). There are many factors that contribute to this estimate; about 20% are due to diagnostic procedures following an abnormal mammogram (Poplack et al. 2005) . After the cost of a mammogram, the total cost is most sensitive to recall rate (percentage of screening mammography needing further workup), cost of a recall, and cancer to biopsy ratio (percentage of biopsies revealing cancer) (Burnside et al. 2001) . Failures in diagnostic decisions in the form of false positives and overdiagnoses are not rare as discussed above and therefore are important determinants of the total cost of mammography screening. One study reports that for every $100 dollars spent on screening, an additional cost of $33 dollars is incurred because of false positives (Elmore et al. 1998 ).
When we consider breast cancer diagnosis from a population perspective, it is evident from the aforementioned statistics that both the economic and quality of life implications should be weighed. That is, the government programs or insurance companies or any other third party who are partially or fully paying for the healthcare services would prefer to avoid unwarranted costs while maximizing benefits to the patients undergoing mammography screening. This problem poses a trade-off commonly observed in medical decisions: When human health is the issue, care providers are primarily concerned with the patient's health. In the world of limited resources though, policy makers seek the best strategies to ensure patient health while allocating resources in the best possible way.
Most of the existing optimization studies that consider cost as part of the modeling framework either optimize cost by ignoring health outcomes (or treatment effectiveness) or convert all costs into a measure of health outcome (or vice versa) using a value for willingness-to-pay. In other words, these studies optimize a single objective. Both approaches are often difficult to justify from an ethical standpoint when the objective is to optimize the patient's wellbeing and, both have been subject to controversy (Neumann and Weinstein 2010) . The U.S. Panel on Cost-Effectiveness in Health and Medicine recommended quality-adjusted life years (QALYs) as the sole benchmark for health outcomes (Weinstein et al. 1996) . More recent legislation called the Patient Protection and Affordable Care Act (ACA) prohibited the development or use of value for willingness-to-pay thresholds (Neumann and Weinstein 2010) . In the following, we explore the sensitive trade-off between public interest and patient's well being complying with ACA enactment.
Problem Definition
We present a novel framework for evaluating the costeffectiveness of diagnostic procedures in the context of breast cancer diagnostic decisions after mammography. As part of this framework, we maximize the total expected QALYs of a patient under resource constraints. Specifically, we develop a finite-horizon discrete-time constrained Markov decision process (MDP) to model the problem i.e., given mammography features, what is the optimal course of action: routine screening, short-term follow-up or biopsy under budgetary restrictions?
We use clinical data to estimate the parameters of the MDP model and solve it as a mixedinteger program (MIP) subject to budget restrictions. By repeating the optimization of the value function for various budget levels in a feasible range, we conduct incremental cost-effectiveness analysis and compare actual clinical practice with optimal decisions obtained from our model. The steps in our study are detailed in §1.3.
Our contribution in this paper is five-fold. First, we provide a mathematical modeling scheme for a medical decision-making problem under budget constraints. Our work is unique in jointly examining health outcomes and economical consequences of diagnostic decisions after mammography, while solely optimizing the health outcomes. To the best of our knowledge, this scheme is the first in treatment optimization literature to consider lifetime expected costs while maximizing a patient's total expected QALYs via a constrained finite-horizon MDP model. In addition, MIP has not been used in formulating finitehorizon constrained MDPs in the past which makes our modeling technique unique. Second, our framework has a potential for use in other healthcare settings. Because medical treatment decisions are often sequential and uncertain, MDP models are proposed as an appropriate tool for modeling these decisions (Schaefer et al. 2004 ). There are many successful applications of MDPs in the clinical domain ranging from dialysis therapy management (Lee et al. 2008 ) to organ transplantation (Sandıkçı et al. 2008) where life years or QALYs are maximized. These applications of sequential decision making under uncertainty could be further extended to consider funding of such services, and hence similar cost-effectiveness analyses can be conducted. For example, in the case of organ transplantation, an important issue for resource-constrained countries is to decide on the best timing of the transplant to maximize the total expected QALYs of the patient where life support could be costly and resources are limited. Our framework would optimally make these sequential decisions for various budget levels. In addition, our modeling framework could be useful in certain healthcare settings involving real cash-limited budgets. A good example is controlling the spread of sexually transmitted diseases (STDs) including HIV, gonorrhea, genital chlamydia infections, syphilis, and chancroid in developing countries. A number of primary and secondary prevention strategies exist such as prevention through advertising condom use, prevention of mother-to-infant transmission, prevention of transmission by blood transmission, and treatment of curable STDs. Allocation of resources to these strategies and optimal control would be based on the costs and effects of the relevant options (Over and Piot 1996) . Therefore, our framework could prove useful in such a setting where the optimal strategy should vary according to disease epidemiology and access to resources.
In fact, the applicability of our framework could go beyond the monetary terms. In medical decisionmaking problems, decision makers often face constraints due to patient-specific factors, existing guidelines, or other resource restrictions. For instance, restrictions on dose and frequency of treatments, availability of clinical services, patient-specific treatment restrictions, effectiveness requirements in probabilistic terms, and other medico-legal or policy requirements can be considered constraints to such expected life maximization problems. Our framework can serve as a venue for reaching clinically sensible decisions under various forms of constraints.
Third, the computational approach for incremental cost-effectiveness by iteratively solving for optimal diagnostic decisions for various budget levels is a novel approach in cost-effectiveness literature. Conventional cost-effectiveness studies are usually static and are implemented on fixed performance measures such as averages. We develop a methodology where policy makers could measure the effectiveness while accounting for optimal courses of action and changing risk of disease. This flexibility enables decision making at two levels: finding optimal actions given the budget restrictions or finding the best resource allocation given the patient subgroups.
Fourth, it is possible to identify cost savings without compromising patients' well-being by using our methodology. This has implications for both developing and developed countries. When different types of cancer are compared in terms of new cases (incidence), deaths (mortality), and number of people living with cancer within five years of diagnosis (prevalence), the cancer profile may or may not differ for developed and developing countries. For cancer types where poor outcomes are more likely (i.e., lung, liver), the differences are diminished. For cancer types where benefits
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Finally, our study is the first in breast cancer literature to investigate optimal breast cancer diagnostic decisions under resource constraints. Previous operations research literature examined questions pertaining to breast cancer either from a screening or diagnostics perspective. In the case of breast cancer screening, the questions of when to begin and cease screening, and how often to perform screening are investigated (Ayer et al. 2012 ). In the case of diagnostic decisions after mammography, however, Chhatwal et al. 2010 and Alagoz et al. (2010) are the only studies that address optimal biopsy decisions based on mammographic features and demographic factors. Both studies consider the breast cancer diagnostic decision-making problem from the patient's perspective yet ignore the costs of diagnosis in making this decision.
Modeling Framework
Our modeling framework consists of four steps in addition to a preliminary step as depicted in Figure 2 .
(1) Initially, we develop a finite-horizon discrete-time MDP to model the radiologist's diagnostic decision problem. That is, given the patient descriptors and mammographic findings, what is the optimal course of action? (2) We formulate this finite-horizon MDP model using a linear program (LP). (3) Then, we add the budget constraint. It is well known that the LP formulation of an MDP with extra constraints does not generate an optimal deterministic policy (Puterman 1994) . Instead, such an LP model leads to an optimal randomized policy (i.e., choosing an action with a certain probability at each state). Because this randomized policy is not clinically intuitive, we introduce binary decision variables and solve the problem as an MIP to obtain clinically sensible optimal policies. (4) Finally, we conduct a cost-effectiveness analysis using a feasible range of budget restrictions. We use clinical data to estimate parameters as described in §4, which comprises Step 0 of our modeling framework. An important component of our work is related to the use of LP and MIP for solving our MDP model.
There are two main approaches for solving constrained MDPs. The first is the Lagrangian approach Step 0
Preliminary work to estimate breast cancer risk and transition probability matrices
Step 1
Finite-horizon MDP modeling of optimal diagnostic decisions
Step 2 Dual linear programming formulation
Step 3 Finite-horizon constrained MDP with binary variables
Step 4 Dynamic cost-effectiveness analysis of optimal diagnostic decisions as introduced by Ross (1985, 1986) . However, this approach lacks explicit computational tools (Altman 1999) . The second is the LP approach that was first introduced by Manne (1960) as a solution method for infinite-horizon Markov decision models. Although dynamic programming is conceptually simpler when solving finite-horizon problems, complexities such as the existence of constraints make the LP a more feasible option. Derman and Klein (1965) adapted LP formulation of stochastic shortest route problems to finite-horizon problems showing that LP is a viable option for solving finite-horizon constrained MDPs. Kallenberg (1981) proposed an approach based on occupation measures, which is a computationally efficient way of solving constrained MDPs with discounted or total cost criteria (Altman 1999) . We adapt Kallenberg's modeling scheme as outlined in Kallenberg (1994) . However, we follow a new approach and include binary decision variables to obtain deterministic optimal policies. This is required because of the idiosyncracies of decision making in the health domain. The remainder of this paper is organized as follows. In §2, we formulate the breast cancer diagnostic decisions as a finite-horizon MDP. In §3, we give the primal and dual LP formulations of the MDP model. We extend this model to include constraints, which could be applied in different settings. Using stateaction frequency interpretation at each decision epoch,
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MDP Formulation
We use a discrete-time finite-horizon MDP with nonstationary rewards and transition probabilities to formulate the breast cancer diagnostic decision problem. We refer to the radiologist as the decision maker who undertakes diagnostic decisions with the patient. We assume that both the radiologist and the patient are risk neutral, and that the patient strictly adheres to the radiologist's recommendations.
The decision process in our model proceeds as follows: When a patient undergoes mammography screening, the radiologist estimates the probability of cancer for this patient based on risk factors and the mammographic findings using her subjective assessment or a computer-aided diagnostic model as described in §4. Then, based on this probability of cancer estimate, the radiologist makes one of the following three recommendations: (1) she can send the patient for biopsy immediately to confirm whether the patient has cancer; (2) she can recommend the patient to undergo another mammography within the next six months; (3) she can ask the patient to come back one year later for routine mammography. The patient accumulates rewards represented by the total life expectancy minus disutilities of diagnostic decisions associated with each action. Without loss of generality, we consider only the disutilities of diagnostic actions and ignore the treatment-related or age-related utilities to consider the trade-off between diagnosisrelated utilities and life expectancy in isolation. The decision process ends either when the patient develops cancer or if she dies. We present a depiction of the decision process in Figure 3 . Note that, although in this section we provide the MDP formulation when routine screening considers annual mammography, our modeling framework can easily be extended to consider other screening frequencies (such as biennial or triennial) by slightly changing the transition probabilities, reward function, and optimality equations. The formal definition of the MDP model is given below: Let k ∈ K = 0 1 2 N represent the decision epochs where N < .
States: Let x k ∈ denote the state of the patient at time k, where is the state space. We define = 0 1 2 100 D PC = s k D PC , where s k ∈ 0 1 100 is the risk score at time k when the patient undergoes mammography, and D and PC represent the death state and the postcancer state following biopsy, respectively. Note that s k represents the discretized probability of breast cancer before diagnosis rounded to closest integer between 0 and 100. One can estimate the probability of breast cancer as described in §4.
Actions: The radiologist chooses action a x k k ∈ A x k k ⊂ A = {routine mammography (RM), shortterm follow-up (SF ), biopsy (BX)} when the state is x k at time k. Table 1 shows the action space corresponding to state-time pairs of the MDP model.
Transition Probabilities: If the selected action is BX and the biopsy has a malignant outcome, the patient starts treatment and quits the process. If the selected action is SF or RM, the patient undergoes another mammography after six months (i.e., one decision epoch) or after one year (i.e., two decision epochs), respectively. Death and postcancer states are absorbing and no decision is associated with these states.
Let p SF k x k+1 x k denote the probability that the patient will be in state x k+1 ∈ at time k + 1 and let p SF k D x k be the probability of death before the decision epoch k + 1, given that the patient's state is x k and the action is SF at time k. Table 1 State and Action Space of the MDP Model
-where x k = x k /100 represents the probability of cancer at time k when the current state is x k , p cf k D represents the probability of death during decision epoch k when the patient is cancer free, and p ct k D represents the probability of death during decision epoch t when the patient has breast cancer, but has not started receiving treatment (i.e., when the patient is unaware of the disease). We define p SF k PC x k = 0 for all x k ∈ \ D PC . When the patient is in state x k ∈ \ D PC and RM is chosen at time k, the probability that she will be in state x k+2 ∈ at time k + 2 is given by p RM k x k+2 x k which is defined as follows:
Let p RM k D x k be the probability of death before decision epoch k + 2, given that the patient's state is x k and the action is RM at time k. Then,
When the patient is in state x k ∈ s k and BX is chosen at time k, the state transitions occur according to p SF k x k+1 0 with probability 1− x k , the likelihood of a benign outcome. When the biopsy is positive, given the patient was in state x k at time k, the patient moves to the absorbing state PC with probability x k , the likelihood of malignant outcome.
Reward Functions: Letq k x k SF represent the intermediate expected reward accrued between time k and k + 1 when the patient's state is x k and action SF is selected at time k. We assume half decision interval length for the expected life in the case of death and full decision interval length in the case of no death. This is referred to as half-cycle correction and implies that the death could occur, on average, halfway through the cycle. Then,q k x k SF is calculated as the weighted average of expected life by weighing life years until the subsequent decision epoch according to the probability of death during the respective time frame.
The corresponding intermediate QALYs accrued, q k x k SF , is then defined as follows:
SF represents the disutility associated with SF . Similarly, letq k x k RM represent the intermediate expected reward accrued between time k and k + 1 when the patient's state is x k and RM action is selected at time k.
The corresponding intermediate QALYs accrued, q k x k RM , is then defined as follows:
represents the disutility associated with RM.
The rewards associated with action BX depend on the outcome of the biopsy. Namely, if the biopsy's outcome is negative (benign), then the patient moves to state 0. The intermediate expected reward when the biopsy reveals negative, q k x k BX 0 , is calculated as follows:
q k x k BX 0 = 0 5 · P alive in the current decision epoch given benign outcome + 0 25 · P death in the current decision epoch given benign outcome
If the biopsy's outcome is positive (malignant), the patient is absorbed into the state PC and the associated intermediate expected reward is represented by q k x k BX PC . Because the postcancer state is absorbing, the total expected postbiopsy reward represents the expected remaining life under treatment for a given age, which is defined as a lump sum. The total expected postcancer life when the patient's state is x k at time k,q k x k BX , is then defined as follows:
The corresponding intermediate expected QALYs accrued, q k x k BX , is then defined as follows:
represents age-dependent disutility of biopsy. If the patient is in the postcancer state or death state, the patient does not accrue any additional rewards. Terminal reward at period k = N is represented by q N . We depict the mechanics of the rewards process in Figure 4 .
Optimality Equations: We use ∈ 0 1 as the discounting factor for the rewards over six months. Let Q be the total expected discounted QALYs that can be attained under policy , i.e.,
where is the initial distribution for x 0 such that j satisfies j∈s 0 j = 1, D = PC = 0, and j ≥ 0 for j ∈ . Let Q k x k be the maximum total expected reward that the patient can attain when her current state is x k at time k. Given the discount rate , one can find the optimal policy corresponding to the expected total reward of a finite-horizon MDP with finite state space and finite action space by dynamically solving the Bellman optimality equations (Puterman 1994) given by
For k = N , we add a boundary condition as follows:
The policy maximizing (1)- (4) is the optimal policy. Now, assume that there is an additional cost constraint that limits the expected expenditures under policy . Let c k x k a x k k represent the total cost of decision a x k k at time k and state x k , and C represent the total expected discounted costs over N decision epochs, where
is at most C and is the discount factor for cost. The constrained MDP model can be defined as follows:
where Q * is the optimal total expected QALYs. Once the constraint is introduced, Bellman equations are no longer useful for solving the formulation presented in Equation (5). We use LP and MIP formulations to solve the MDP problem as described in the next section.
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MIP Formulation
Finite-Horizon Primal Linear Program (FPLP). If resource constraints are ignored, we can solve the radiologist's diagnostic decision problem using the following LP formulation:
where Q * is the optimal objective value of the decision model and j satisfies j∈s 0 j = 1, D = PC = 0, and j ≥ 0 for j ∈ . Again, ignoring budgetary constraints, we can solve the radiologist's diagnostic decision problem using the dual of the FPLP, called Finite-Horizon Dual Linear Program (FDLP), which has the following representation:
where j satisfies j∈s 0 j = 1, D = PC = 0, and j ≥ 0 for j ∈ . Note that FDLP will produce nonnegative optimal u k x k a x k k values such that for each x k and a x k k pair, there will be at most one u k x k a x k k strictly positive among possible a x k k ∈ A x k k , which is a deterministic policy. One can interpret u k x k a x k k as the probability/frequency of taking decision a x k k when the system is in state x k at time k (Derman and Klein 1965, Kallenberg 1981) . More specifically, u k x k a x k k is defined as the long-term average time, occupation measure, that the patient will be in state x k Copyright: INFORMS holds copyright to this Articles in Advance version, which is made available to subscribers. The file may not be posted on any other website, including the author's site. Please send any questions regarding this policy to permissions@informs.org.
at time k and a x k k is the optimal diagnostic decision for the radiologist. Using this definition, the equations in FDLP have an intuitive interpretation. The objective value is simply the total expected discounted rewards. The constraints ensure that each occupation measure for state x k at time k is probabilistically connected to the occupation measures of the possible states at time k + 1 or k + 2.
Occupation measure allows one to add the constraints that use expectations for different criteria such as expected cost being less than a certain amount. Therefore, we introduce the following constraint to limit the expenditures associated with diagnostic decisions:
where C = is the total expected budget allocation for breast cancer diagnostic procedures during the lifetime of a woman. The equivalent LP formulation of the constrained MDP model of Equation (5) is given by Equations (6) For any that produces a nonempty F , we define
which gives the optimal total expected QALYs as a function of . Theorem 1 shows how the optimal value function changes with the allocated budget. As the available budget increases, the marginal gains in terms of the total expected QALYs diminish, therefore the optimal value function is concave in the allocated budget. Intuitively, this implies that as the available resources increase, the health outcomes improve, yet the magnitude of improvements in health outcomes diminish (see Figure 6 (a) in §5).
Theorem 1. The optimal total QALYs, Q , is a concave function of on the feasible set.
Note that with the introduction of additional constraints, the model will no longer generate a deterministic optimal policy. Instead, an optimal policy will involve a randomized decision rule for a certain state x k . In a clinical context, specifically breast cancer diagnostic decisions, randomized policies are not acceptable, because leaving a clinical decision to chance is not justifiable. To obtain a deterministic solution, we introduce binary decision variables and add the following set of constraints to the model:
where b k x k a x k k are the binary logical variables to enforce deterministic policies. Equations (6)- (21) (6)- (21) For any that produces a nonempty G , we define
which gives the optimal total expected QALYs as a function of . Lemma 1 illustrates the functional form of QB as compared to its linear counterpart Q .
Lemma 1. QB is a right continuous step function bounded by Q .
Lemma 2 shows that the optimal value function of the CFDMIP exhibits diminishing gains similar to Theorem 1. The intuitive explanation in the case of concavity holds such that as the resources are increased diminishing health outcomes are observed.
Lemma 2. The optimal total QALYs, QB , of the CFDMIP model is subadditive in that are binding.
All proofs are provided in the online appendix (available at http://msom.journal.informs.org/).
Estimation of Model Parameters
We solve the CFDMIP model parameters using clinical data. Our data set consists of 65 892 consecutive mammographic findings from 18 269 patients. Data were collected between April 5, 1999, and February 9, 2004,
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INFORMS holds copyright to this Articles in Advance version, which is made available to subscribers. The file may not be from the Medical College of Wisconsin, Milwaukee (MCW). After excluding the duplicate, incomplete, and unmatching cases, we are left with 62 219 cases reported in the BI-RADS format. The outcomes are verified either through biopsy or through state cancer registries that track and record cancer cases across the United States. The state cancer registry allows disclosure of cancers missed during mammography examinations. To the best of our knowledge, our database is the largest in the nation with registry matching.
Estimating the Probability of Breast Cancer
and Transition Probabilities An important input for our MDP model is the probability of breast cancer, i.e., risk scores. Although we could use the assessment of radiologists as a proxy for perceived risk of breast cancer based on the mammographic findings, this is a difficult task and is prone to error as discussed in §1
We use the BN of Chhatwal et al. (2010) for probabilistic evaluation of a given mammogram instead of the likelihood of breast cancer as defined by BI-RADS assessment categories. BNs are mathematical modeling tools used for predicting the probability of an outcome based on observed variables. They are composed of two main parts: a dependence structure given by an acyclic graph and probabilistic relations specified by conditional probability tables. The model predicts the probability of breast cancer given the mammographic findings and the patient's demographic factors. We discretize the probability estimate by rounding to the nearest integer, therefore achieving a more granular risk scoring than the BI-RADS assessments.
We use the BN model to estimate the risk scores for each mammography report in MCW data which is then used to estimate probability transition matrices of our MDP model. Because MCW data is composed of consecutive mammography reports collected over almost five years, many individual patients had multiple mammography reports. The risk scores associated with the mammography reports that belonged to the same patient and their evolution over time helped us to estimate a discrete probability distribution. Occasionally, patient visits did not occur on a regular basis. These irregularities were corrected by linear interpolation through time. We normalize the transition probabilities for each action at every age by using the age-specific mortality for patients with breast cancer (Jemal et al. 2007 ) and for cancerfree patients (life tables from the National Center for Health Statistics (NCHS) and Center for Disease Control and Prevention (CDC) Arias 2006).
Estimating the Rewards
We calculate the expected intermediate reward for each diagnostic decision using the half-cycle corrected expected life until the next decision epoch following the action. We weight life years with respect to the breast cancer risk and age-dependent death probabilities. When biopsy reveals cancer, we calculate the lump-sum reward as the expected remaining life using the probability of death calculations as suggested in Arias (2006) .
We account for quality of life reductions due to diagnostic decisions by subtracting disutilities associated with diagnostic decisions from expected lifetime. We assume moderate disutilities of 0 25 days for both routine mammography,ū RM = 0 25, and for followup,ū SF = 0 25 (Mandelblatt et al. 1992) . We assume the disutility associated with biopsy at age 40 as two weeks (Gram et al. 1990 ). Because biopsy is associated with increased risk of complications in older ages, we assume that the associated disutility will increase as women get older. Therefore, we impose a linear function on the biopsy disutility over ages where the function attains twice as much the disutility value at age 100 when compared to the disutility at age 40.
Estimating the Cost Parameters
For cost parameters, we use expected costs of diagnostic decisions as suggested by Poplack et al. (2005) , who base their estimation on Medicare fee schedules. Without loss of generality, we ignore the costs for routine screening mammography because routine screening is actually the do-nothing decision for cost-constrained biopsy decisions. We apply a 3% inflation rate to bring follow-up imaging and biopsy costs to 2010 dollars resulting in $362 and $1 258, respectively.
Numerical Study
In this section, we describe the implementation of the constrained MDP model of §2 by solving it using the CFDMIP model of §3; parameters as summarized in §4. We use CPLEX as the MIP solver through GAMS Version 23 3 when solving the proposed models. The computation time required for solving the CFDMIP model to the optimality ranged from around half an hour to a day excluding the time needed to construct the input. In our numerical experiments, we have two primary objectives: to demonstrate how optimal diagnostic decisions change under budget constraints and to conduct a cost-effectiveness analysis of diagnostic procedures in the context of a sequential decisionmaking problem. In addition, we compare the performance of our model to that of the MCW data and investigate the age-based differences in number of deaths, number of cancers detected, and life gains at various budget levels.
Optimal Diagnostic Decisions for
Breast Cancer Under Budget Constraints According to BI-RADS lexicon, findings with less than 2% probability of breast cancer, but somewhat higher
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than the overall cancer detection rate (0 6%), are recommended follow-up; findings with more than 2% probability of cancer are recommended biopsy. Retrospective studies report an average of 1% probability of breast cancer as the baseline of mammographic recommendations for short-interval follow-up (Yasmeen et al. 2003 , Vizcaíno et al. 2001 . Therefore, we use 1% and 2% probability of breast cancer as the decision thresholds for follow-up and biopsy decisions to reflect clinical routine, respectively. Figure 5(a) depicts the current clinical practice tailored to these thresholds. Figure 5 (b) depicts the optimal diagnostic decisions when follow-up and routine mammography disutilities are 0 25 days under no budgetary constraints. The figure shows that for each age there exists a particular probability of cancer, namely, a threshold, over which the optimal decision is short-term follow-up, and a secondary threshold over which the optimal decision is biopsy. For example, for women between Age 45 and 73 years old the optimal diagnostic decision is biopsy, when the risk of breast cancer is above 2%. For the same age group, the optimal diagnostic decision is follow-up, when the risk is between 1% and 2%. Finally, the decision is to do nothing and wait for the next routine mammography when the risk is below 1%. For older women, these thresholds shift upward. For women younger than 45, we observe that the optimal decision is to biopsy for probability of cancer over 1%; the follow-up decision is never used when there is no budget constraint. This suggests that, for women in this age range, the optimal policy is more aggressive in the sense that it suggests an invasive procedure, biopsy, rather than watchful waiting via short-term follow-up. This coincides with the medical intuition that in younger women, breast cancer is more aggressive (Anders et al. 2008 ) and therefore more aggressive diagnostic actions (i.e., biopsy) are justified. Moreover, revealing the existence or nonexistence of cancer via biopsy rather than close watch by followup decision could be sensible because of the longer life expectancy of this age group.
In general, radiologists are expected to evaluate mammograms independent of the age/other demographic factors and recommend diagnostic actions, namely, assess the BI-RADS category, based on the mammogram. Ideally, however, age could be considered in predicting the likelihood of breast cancer and should play a role when assessing the BI-RADS category. This is because the incidence of breast cancer changes by age (Hayat et al. 2007 ) and the trade-off between the benefits and harms of diagnosing and treating breast cancer depend on age (Jayasinghe et al. 2005) . Optimal diagnostic decisions as depicted in Figure 5 (b) partially reflect how experienced radiologists practice in general and prescribe, while Figure 5 (a) represents the existing guidelines.
Our findings on age-based diagnostic recommendations warrant further discussion. There is evidence of systematic differences between diagnostic recommendations at different age groups (Taplin et al. 2002) with no reference to the outcomes following these recommendations. Although we are not aware of direct evidence that age-based recommendations produce better health outcomes, there are several facets of the issue that could indirectly shed light on our findings. First, there is no consensus in the medical community on the age at which we should start/end mammography screening and how often we should screen (Mandelblatt et al. 2009 , Warner 2011 . The controversy still exists after several decades since the first use of mammography for screening breast cancer (Marshall 2010) . The decision to screen and its frequency are inherently related to diagnostic decisions following mammography and the debate suggests the variation in opinion. Furthermore, clinical practice shows evidence on age-based use of screening services (Bynum et al. 2005) . Second, Jayasinghe et al. (2005) presented evidence on age-based differences in breast cancer prognosis. The findings indirectly imply that because the aggression of cancer differs by age, the aggressiveness with which we biopsy for a given cancer risk should also differ by age. Last, medical literature suggests that both the incidence of breast cancer (Hayat et al. 2007 ) and the sensitivity of mammography vary by age. Therefore, the threshold to biopsy would indirectly be influenced by age because of the incidence rate and the sensitivity of mammography.
We compare the expected cost and the effects, i.e., the total expected QALYs resulting from following the BI-RADS recommendations to those of the optimal diagnostic decisions for a 40-year-old cancer-free woman. Expected lifetime cost of diagnostic decisions is $1 536 84 when the BI-RADS recommendations are followed, whereas it is $1 247 21 when the optimal diagnostic decisions are followed. Corresponding QALYs resulting from following the BI-RADs recommendations and the optimal diagnostic decisions are 41 15317 and 41 15497, respectively. Following optimal diagnostic decisions leads to approximately $160 905 savings per life years. Therefore, if the optimal diagnostic decisions based on age and breast cancer risk are followed, cost savings without sacrificing QALYs can be attained. A possible explanation for such savings lies in the age-based differences as can be seen in Figures 5(a) and 5(b) . Using the optimal thresholds for decision making can result in approximately 22% cost savings. Taking more aggressive diagnostic actions at younger ages and less aggressive actions at older ages, as suggested by the optimal diagnostic decisions, can decrease false positives, improve patient outcomes, and decrease cost. Next, we analyze the effect of budget constraint on optimal diagnostic decisions. Figure 5 depicts optimal policies as a function of the budget. Figures 5(c) and 5(d) suggest that the initial reductions in the budget would lessen the use of follow-up recommendations and replace it with routine mammography. There is some support/evidence from the medical community reinforcing our findings on follow-up recommendations in the context of resource limitations (Rubin 1999 , Yasmeen et al. 2003 . When the cost constraint is more pressing as in Figure 5 (e), follow-up recommendations would be entirely foregone and the biopsy thresholds would shift up. For budget reductions at higher magnitude, the cost constraint affects all age groups, yet we observe a more dramatic change in biopsy thresholds at older ages.
An interesting observation in Figure 5 is the changing nature of the optimal policies at different budget levels. In particular, we observe that the unconstrained problem produces mostly monotone policies and as the constraint is imposed, this monotone structure no longer holds. There could be several reasons for this phenomenon. As we explained earlier in the manuscript, introduction of constraints into the LP formulation of the MDP disturbs the problem structure to produce randomized policies. Therefore, one explanation for lack of monotonicity is the disturbed problem structure. It could also be due to varying incidence rates in different age groups. Breast cancer is mostly seen in middle age woman (Edwards et al. 2002) and the disconnect between breast cancer incidence rates and mortality ratios could explain the lack of monotonicity as the constraint takes effect.
Using MCW data, we compare the performance of our model to the radiologists for various budget levels in Table 2 , where the numbers in parentheses refer to missed cancers for routine mammography and shortterm follow-up actions, and negative result for biopsy
INFORMS holds copyright to this Articles in Advance version, which is made available to subscribers. The file may not be posted on any other website, including the author's site. Please send any questions regarding this policy to permissions@informs.org. action. The radiologists recommended 29 105 routine mammographies and 12 534 follow-ups as compared to 39 659 routine mammographies and 861 follow-up recommendations by the CFDMIP model. As a result, the radiologists missed a total of 86 cancers compared to the model, which missed a total of 32 cancers. The increased performance of the CFDMIP model is achieved at a reduced expected cost. The rest of the results in Table 2 suggest that further cost reductions are possible at comparable performance levels.
A Dynamic Incremental
Cost-Effectiveness Analysis The impact of budget reduction is also reflected in the optimal objective value, namely, total expected QALYs. We ran the CFDMIP model of §3 for different budget levels, i.e., for various C s. Our CFDMIP model with no budget constraint returned the expected cost of $1 247 21 for optimal diagnostic decisions over the lifetime of a 40-year-old woman. We selected the $180-$1,380 range with $60-wide difference for consecutive budget levels as the value set for the budget experiments, i.e., C i = 180 + i · 60 where i ∈ 0 20 . We define ith incremental cost-effectiveness ratio, ICER i , for a given C i as ICER i = 60/ Q i − Q i−1 . It is well known that conventional cost-effectiveness analysis compares relative costs and effects that belong to different courses of programs, however we use optimal actions under consecutive budget levels as the mode of comparison. Such analysis can help us understand the effect of budget on patient outcomes. The solid line in Figure 6 (a) depicts the trend in patient outcomes as a function of budget levels. The figure suggests decreasing marginal returns in total expected QALYs as the available budget increases. The dashed lines in Figure 6 (a) represent the incremental cost-effectiveness analysis for the respective C i s using our formulation. Over the budget level of C $720), additional spending is hardly justifiable because of an exponential increase in spending per QALYs saved. The arbitrary choice of $60 difference between consecutive budget levels was for illustrative purposes only. We observe similar trends when the difference between consecutive budget levels varies.
Sensitivity of optimal value function to the disutility of follow-up is depicted in Figure 6 (b). The trend is analogous to the sensitivity of optimal value function to budget, yet in the reverse. We observe diminishing losses in total expected QALYs as the disutility of follow-up increases. This is because, as the disutility of follow-up increases, follow-ups are recommended less often and after a certain disutility level, follow-ups are no longer recommended.
Age Effects
We also investigate which age groups benefit most when the available budget increases and optimal recommendations are followed as compared to the current guidelines. First, we investigate age-based improvements by analyzing the percentage improvement in total expected QALYs from tight budget (TB) to low budget (LB), moderate budget (MB), and high budget (HB) cases. We denote the expected remaining QALYs of a risk-free woman at time k given that she was risk-free at age 40 and optimal policy * is followed under the budget constraint B as Q * 40 B k rf . Therefore, we define the percentage improvement in expected remaining QALYs at time k when switching from TB to LB as Q * 40 LB k rf
, from TB to MB as Q and from TB to HB as Q * 40 HB k rf −Q * 40 TB k rf /Q * 40 TB k rf . The corresponding trends are depicted in 7(a). We find that, as the available budget increases, younger women benefit more. We observe lower improvements in the older age group, interestingly, with some deterioration in the oldest age group. This may appear counterintuitive at first, however, it could be due to potential harms of screening mammography when the life expectancy and the risk of breast cancer is very low.
Second, we compare optimal policy under no budget constraint to the actual clinical practice. The comparison reveals improvements over actual clinical practice at all ages with relatively more emphasis on the very young or those over age 65 (Figure 7(b) ). The counterintuitive result of higher improvement in younger women with a nadir at around age 45 can be explained by the potential gains in QALYs because of aggressive diagnostic actions in this age group. The slowly increasing trend beyond age 45 can be explained by the increasing prevalence of breast cancer by age.
We further investigate age-based differences with respect to the number of deaths and number of cancers detected. In Table 3 , we compare the expected number of women who will die or be diagnosed with breast cancer under varying budget levels and actual clinical practice. We estimate the number of deaths and number of cancers detected based on the estimates of CFDMIP model for 100 000 women. For each Table 3 Average Performance of the CFDMIP Model for 100,000 Risk-Free Women at Age 40 for Various Budget Levels age group, as expected, increasing budget averts more deaths. Moreover, our model under the high budget case averts more deaths than actual practice in women younger than 70, whereas actual practice averts more deaths than our model in women over 70. Overall, our model averts more deaths than the actual practice.
There is no clear trend over different budget levels in terms of cancer detection. When low budget and high budget results are compared, more cancers are detected in women younger than 70, and fewer cancers are detected in women over 70 under the high budget scenario. We observe that more cancers are detected in actual practice than those detected under high budget, which may appear to be counterintuitive for women younger than 70. That is, actual practice detects more cancers yet averts fewer deaths for women younger than 70. However, this may be due to a highly contentious phenomenon called overdiagnosis (Warren and Eleti 2006) as described in §1, resulting in wasted resources and increased risk of overtreatment.
Conclusion
In this study, we consider the problem of optimizing diagnostic decisions after mammography from the patient's perspective while also considering the societal impact. In particular, we develop a finite-horizon constrained MDP model that optimizes the diagnostic decisions of a radiologist by maximizing the total QALYs of a patient under budget constraints. In line with the ACA enactment, we adopt a novel approach and consider cost as a constraint while maximizing total expected QALYs. This approach allows us to conduct a cost-effectiveness analysis by comparing the ratio of cost resulting from following optimal diagnostic policies to the effect in terms of total expected QALYs. By repeating this experiment for a sequence of reasonable budget levels, we formed incremental costeffectiveness ratios attributable to consecutive levels of funding.
The patient outcomes as measured by total expected QALYs improve as the level of funding increases, yet with diminishing returns in the allocated budget. Comparing proposed optimal policies to actual clinical practice, we find that the use of optimal thresholds for decision making could result in approximately 22% cost savings without sacrificing QALYs. Our analysis indicates short-term follow-ups are the immediate target for elimination when budget becomes a concern. Policy change is more drastic in the older age group with the increasing budget, yet the gains in total expected QALYs related to larger budgets are predominantly seen in younger women along with modest gains for older women. Moreover, our findings make a potential contribution to the recent contoversy following the U.S. Preventive Services Task Force's new policy recommendation on screening (Marshall 2010) . The new recommendations suggest that women in their 40s should not be screened because of the high false positive rates and associated economic and psychological costs in this age group. However, we demonstrate that most benefits in terms of QALYs can be achieved in this age group.
Although our results are promising, there are several issues for either the radiologist or the patient that need to be addressed before implementation. First, there may be practical and ethical difficulties if radiologists are to implement our findings. Despite this, budget observant optimal recommendations would be ethical and practical when the trade-off is transparent to the radiologist. That is, when the proposed changes to the policy under the influence of societal motives are medically rational, implementation could be more feasible. Second, whether a patient tolerates budgetobservant policies depends on personal preferences. Many patients may perceive less aggressive diagnostic decisions as less care, and therefore may prefer not to choose them. Conversely, there are patients who prefer less aggressive diagnostic approaches because of high disutility for invasive follow-up procedures such as biopsy that may lead to severe complications such as bleeding. In any case, the societal perspective, which is used to answer most of the health policy questions, requires consideration of healthcare issues at the population level while accounting for individual preferences. In fact, this is how existing guidelines, including those recommending a 2% threshold for biopsy and 1% threshold for follow-up for all ages, are developed. Medically rational policies defined at the population level would take into account the factors that are relevant and would also apply to individuals. Finally, the aforementioned points can be extended to include the very real medico-legal risks that radiologists face. If policy recommendations are set at a population level prioritizing the interest of society as a whole, the medico-legal environment could support radiologists in applying those recommendations.
The advantages of the modeling framework we introduce manifest themselves mostly for policy makers in a clinically sound way. First, explicit representation of patient dynamics complies with personalized decision making, which is strongly advocated for and considered to have a pivotal role in the future of healthcare (Cortese 2007) . A recent editorial in the Annals of Internal Medicine calls for tailoring recommendations based on individual risk to help improve breast cancer prevention (Kerlikowske 2009 ). Our research is a step toward personalized diagnostic recommendations while maximizing benefits and minimizing harm. Second, the cost-effectiveness approach we introduce suggests a flexible policy selection scheme allowing investigation of multiple criteria. Finally, our methodology allows incorporation of various types of policy restrictions. We consider only the expected cost constraints while maximizing patient outcomes. However, one can model various policy restrictions as constraints to assess the clinical and monetary implications of those policies.
Our research could serve as a guide for optimal diagnostic decisions in developed countries or in developing countries where resources are limited. By using our modeling scheme, policymakers could assess QALYs or the cost implications of various policies, or make resource allocation decisions to improve care. The ability to include constraints in such an optimization model could present opportunities for investigating different aspects of policy making other than cost.
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